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Abstract

We present VALUH, a suite of Markov-Chain-Monte-Carlo algo-
rithms for uniformly sampling non-degenerate, vertex-labeled, undi-
rected hypergraphs with prescribed vertex degrees and hyperedge
sizes (the hypergraph micro-canonical configuration model). One
of our methods is based on stub-labeled hypergraphs, one on edge-
labeled hypergraphs, and the third directly samples vertex-labeled
hypergraphs. We theoretically show that our algorithms require as
many or fewer steps to converge to the stationary distribution than
existing ones, because they are higher in Peskun’s order. We obtain
this improvement by carefully defining the state space graph of the
Markov chains and by optimizing the transition probabilities, using
the Metropolis-Hastings approach. Our experimental evaluation on
real networks shows that our methods are up to 6x faster, in number
of steps and also in wall-clock time, than existing approaches, as
they require less computation per step, with the direct algorithm
being the fastest.
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1 Introduction

Hypergraphs can model more complex (i.e., more than binary) rela-
tionships between the actors in a network than dyadic (i.e., “classic”,
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“standard”) graphs [6, 9]. They can be used to study, among other
applications, the insular vs. bipartisan behavior of political institu-
tions [21, 22], the interactions of proteins [45], the evolving nature
of co-authorship [36], and the spread of contagious diseases by
modeling contacts between groups of people [10]. Many hyper-
graph analysis tasks, and algorithms for them, have been proposed
in the literature [32, see also Sect. 2].

The real goal of knowledge discovery is not to study the observed
dataset, but to obtain new information about the stochastic Data
Generation Process (DGP) that produced it: the available data is
just a noisy, random, partial representation of the DGP [44].

Statistical hypothesis testing [33] can be used to this end: the
results of the analysis of the observed dataset must be compared
to those obtained from a null model, a mathematical model that
encodes all that is currently known or assumed about the DGP. The
null model is a collection of all the datasets that may be generated
by the DGP, and a probability distribution over this collection. For
example, the micro-canonical configuration model for undirected
dyadic graphs includes all and only the dyadic graphs with the
same degree sequence as the observed one, and assumes each has
the same probability of being generated.

By randomly drawing many datasets from the null model, and
performing the desired analysis on each of them, one can generate
an empirical distribution of the results over the null model, and
then compare the results from the observed dataset to this distribu-
tion. An empirical p-value, obtained from such comparison, gives
evidence about whether the knowledge encoded in the null model
explains the observed results, or whether these results may offer
new insights about the DGP.

There are two main challenges in the statistically-sound-KDD
process we just described. The first is defining the null model so
that it includes all and only the datasets that can be generated by
the DGP and with the right generation probability. Failure to do so
may invalidate the outcome of statistical hypothesis testing, i.e., to
wrongly determine that the observed results give new information
about the DGP. The added complexity of hypergraphs vs. dyadic
graphs calls for particular care in this definition: choosing different
mathematical objects to represent hypergraphs (e.g., vertex-labeled
vs. edge-labeled vs. stub-labeled hypergraphs, see Sect. 3.1) leads to
different null models. The second challenge is algorithmic: comput-
ing an accurate empirical p-value requires drawing thousands of
random datasets from the null model, so the procedure of sampling
such datasets must be as efficient as possible. While this algorithmic
problem has been studied extensively on dyadic graphs [20], less
work has focused on developing efficient algorithms for sampling
from null models for hypergraphs.
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Contributions. We study the problem of correctly defining and
efficiently sampling from the micro-canonical configuration model
for undirected, non-degenerate, vertex-labeled hypergraphs [15],
which includes all such hypergraphs with the same degree sequence
and the same edge size distribution as an observed one, all with the
same probability of being generated. Specifically:

o We give careful definitions of stub-labeled, edge-labeled, and
vertex-labeled hypergraphs (Sect. 3.1). These definitions are
useful beyond the scope of this work, as they clarify a source
of possible confusion in the literature about the mathematical
objects contained in null models for hypergraphs.

e We introduce VALUH, a suite of efficient algorithms to draw
samples from the aforementioned null model. VALUH’s meth-
ods follow the Markov-Chain-Monte-Carlo (MCMC) approach
(Sect. 3.3). VALUH-sMmH runs a Markov chain (MC) on the
space of stub-labeled hypergraphs. It uses the Metropolis-
Hastings (MH) approach to compute the acceptance proba-
bilities so that the stationary distribution of the transformed
chain on the space of vertex-labeled hypergraphs is the uni-
form. VALUH-E takes a similar approach but runs the MC
on the space of edge-labeled hypergraphs, leveraging the
well-known mapping between them and bipartite graphs.
VALUH-D samples directly from the space of vertex-labeled
hypergraphs, using carefully-tuned transition probabilities
for a fast selection of the next state. The use of MH makes
our design choice optimal among a large class of algorithms.

e We prove that our algorithms are higher, in Peskun’s or-
der [42] than existing algorithms [15], which implies that
they have smaller or equal mixing time, converging to the
stationary distribution in fewer or as many steps.

o The results of our experimental evaluation on real networks
show that VALUH’s algorithms converge up to 6x faster than
the state of the art, both in terms of the number of steps and
in terms of wall-clock time. Thus, they can draw the desired
number of samples from the null model much more quickly
than existing algorithms.

2 Related Work

Battiston et al. [6], Bick et al. [9] and Lee et al. [32] survey hyper-
graphs models, algorithms, and applications, so here we focus on
the works most related to ours.

Some works have investigated null models for restricted classes
of hypergraphs, e.g., 3-uniform [23], k-uniform and simple [19], or
simplicial complexes [17, 53]. Our interest is instead on the more
general space of hypergraphs with any fixed vertex degree sequence
and fixed hyperedge size distribution.

Another line of work proposes generative models for hyper-
graphs, and studies their properties, usually in expectation, or in
the limit as the network grows [5, 18, 26-29, 31, 46, 47, 49, 52]. Some
of these approaches can be used to generate random networks that
have, in expectation, our desired properties, i.e., to sample (usu-
ally non-uniformly, with the goal of maximizing entropy) from
the canonical configuration model. We focus instead on sampling
uniformly from the micro-canonical configuration model, which
only contains hypergraphs that have exactly the desired properties.
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Miyashita et al. [39] and Nakajima et al. [40] extend the dK se-
ries of null models for dyadic graphs to edge-labeled hypergraphs.
We focus instead on vertex-labeled hypergraphs. The mapping
from edge-labeled to vertex-labeled hypergraphs that we discuss
(Sect. 4.3) can likely be extended to null models in the dK series for
vertex-labeled hypergraphs.

Abuissa et al. [2], Bradde and Bianconi [12], Chodrow and Mel-
lor [14], and Preti et al. [43] deal with null models for annotated
hypergraphs where vertices can have different roles in hyperedges
(e.g., directed hypergraphs are annotated hypergraphs, where some
of vertices in a hyperedge are the sources of the hyperedge, and the
other vertices in the hyperedge are targets). Most of these works
focus on edge-labeled annotated hypergraphs, sometimes implic-
itly, although Abuissa et al. [2] also briefly discuss vertex-labeled
directed hypergraphs. The methods introduced in these works are,
like ours, MCMC algorithms based on swapping vertices between
pairs of hyperedges, but they are not directly applicable to the case
of undirected hypergraphs. The efficient approach taken by VALUH
could likely be extended to vertex-labeled annotated hypergraphs,
and is a good direction for future work.

Chodrow [15] studies different null models, including the one
that is the subject of our work. He gives an MCMC algorithm based
on a Markov chain on the space of stub-labeled hypergraphs, and
he shows how it can be used to sample uniformly from the space of
vertex-labeled hypergraphs by introducing acceptance probabilities
that make the transition matrix symmetric. We show in Sect. 4.2 that
these acceptance probabilities are suboptimal since our algorithms
dominate Chodrow [15]’s in Peskun [42]’s order, i.e., they converge
to the stationary distribution in as many or fewer steps (and often
much fewer). In Appendix C we also correct some issues in the
original analysis by Chodrow [15].

A shared issue in much previous work is that the exact hyper-
graph space being considered is not defined in a fully formal way,
which at times leads to difficulties in comparing different works.
One of our goals is to clear up this possible source of confusion. For
example, many works use the mapping between hypergraphs and
bipartite graphs without mentioning that this mapping is between
edge-labeled hypergraphs and bipartite graphs (as also hinted by
Chodrow [15, Sect. 4.1]).

3 Preliminaries

We now define the core concepts and notation. We use the usual
set notation for sets, e.g., A = {a, b, ¢}, and a double-brace notation
for multisets, e.g., B = {a, b, a, c}. Given a multiset B, we denote
with s(B) the set obtained by removing repeated elements in B. For
two sets A and B, AA B = (AU B) \ (AN B) is their symmetric
difference. We use 1 (expr) to denote the function that has value 1
when the expression expr is true, and 0 otherwise.

3.1 Hypergraphs

We only deal with undirected hypergraphs, so we will not repeat
this adjective any further. We start by defining Vertex-Labeled Hy-
pergraphs (VLHs), and then discuss edge-labeled and stub-labeled
hypergraphs in terms of the difference from vertex-labeled ones.
Each of these three representations has its own advantages and
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disadvantages, and different scenarios are usually best modeled
with one rather than the others.

A VLH H = (V,E) has a set of vertices V = {vy,...,u,} and a
multiset of hyperedges' E = {ey,...,en}} where eache; € Eisa
non-empty subset of V. When E contains multiple copies of the
same edge, we say that H contains parallel edges. A hypergraph is
said to be degenerate when a vertex appears multiple times in an
edge, i.e., when elements of E are multisets, rather than sets. Allow-
ing multiple copies of a vertex in a edge generalizes the concept of
self-loop from dyadic graphs, but we are unaware of practical set-
tings and applications of hypergraphs where degeneracy is needed
or desirable,? so we only consider non-degenerate hypergraphs.
The degree degy; (v) of a vertex v € V in H is the number of edges
of H containing v. The size |e| of e € E is its cardinality. For any
multiset A, we denote with my(a) the multiplicity of a in A, i.e.,
the number of times the element a appears in A.

Each vertex of V is uniquely identifiable, i.e., has a unique label,
hence the term “vertex-labeled” to denote such hypergraphs. On
the other hand, the edges have no label at all: each is defined purely
by the set of vertices in it.

VLHs are the most studied representation of hypergraphs, in part
because they are most similar to dyadic (multi-)graphs, where the
same assumptions about identifiability of vertices and lack thereof
for edges usually hold.

Edge-labeled hypergraphs. When unique labels are assigned to
edges, or, equivalently, when E is a sequence E = (eq,...,em)
(so the label of an edge is its position in E), we talk about Edge-
Labeled Hypergraphs (ELH).? Defining E as a sequence, rather
than a multiset, is the precise difference that makes VLHs and
ELHs different mathematical objects. To demonstrate this differ-
ence, consider the two ELHs H = ({v, w,u}, ({0, u}, {u, w})) and
H = ({v,u, w}, ({u, w}, {v,u})), which are different, since the order
of their edge sequences differ.

Stub-labeled hypergraphs. Stub-labeled graphs were first intro-
duced through the process of “stub-matching” [11] where deg; (v)
stubs of each vertex v are placed into an urn and edges are drawn
by taking two stubs at a time.

Ghoshal et al. [23] and Chodrow [15] extend the concept of of
stub-labeling to hypergraphs. In a Stub-Labeled Hypergraph (SLH)
H = (V,E), E is now a set whose elements form a partitioning of

the set
> = U{vl, . ..,UdegH(v)}
veV

where the v;’s are uniquely-identifiable copies of the vertex v known
as stubs. Thus, the edges of H are sets of stubs, and because they
form a partitioning of X, which is a set, they are all different,
thus E is a set. As a result, SLHs are different mathematical ob-
jects than both VLHs and ELHs. To demonstrate this difference,
consider two SLHs H = ({u,0, w}, {{v1, u1}, {u2, w1}}) and H' =

!In the rest of the work, we use “edge” to mean “hyperedge”. When we (rarely) deal
with dyadic graph edges, the context will make it clear.

2While dyadic graphs are hypergraphs, and there are certainly applications where
allowing self-loops is reasonable, we cannot say the same for generic hypergraphs
that are not dyadic.

3A more descriptive term would be vertex-and-edge-labeled hypergraphs, but since all
hypergraphs have vertices with unique identifiers, using just “edge-labeled” should
not cause any confusion.
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({u, v, w}, {{v1, u2}, {u1, w1}}), which are different, since the stubs
in the edges differ. If we hid the stub labelings in both sets of edges,
we would obtain the same VLH.

Curveball trades. All algorithms we describe make use of the
Curveball trade [48, 51], an operation that takes two edges a and b
(possibly stub-labeled) and transforms them into two edges c and d
such that |a| = |¢| and |b| = |d|. The “standard” Curveball trade for
vertex-labeled edges, used in algorithms that operate on VLHs and
ELHs, works as follows:

(1) LetP=anbCV.Letg=|a\b|, and Q be a subset of P of
size q chosen uniformly at random among such subsets.

(2) Add to c every vertex v € Q. Add to d every vertex w € P\ Q.

(3) Add to both c and d every vertexv € anb.

The stub-labeled version of the Curveball trade, called “pairwise
reshuffle” by Chodrow [15, Def 11], operates on two stub-labeled
edges a and b as follows [15, Lemma 1]:

(1) Let P, g, and Q as above, but computed on a, and b.

(2) For every vertex v € Q, add to c the only stub of v in a U b.
For every vertex w € P \ Q, add to d the only stub of w in
auUb.

(3) For every vertex v € ay N by, select one of the two stubs of
v from a U b uniformly at random, and add it to c, then add
the other stub of v to d.

3.2 Null models

A null model M = (D, ) is a representation of the Data Generation
Process (DGP): D is a set of datasets that may be generated, and ¢
is a distribution over D giving the probability of each dataset being
generated. The set D is defined after having observed a dataset
D#* D contains all and only the datasets that share some set of
properties # with D. The goal, in choosing % is to capture all the
assumed or available knowledge about the DGP.

The null model M = (D, y) we study is the popular micro-
canonical configuration model for VLHs [15]:> given an observed
VLIHD = H = (V,E), D contains all and only the VLHs H =
(V, Eg) such that

(1) H has the same degree sequence as H ie., foreveryov eV,

degp(v) = degy (v); and

(2) H has the same edge sizes as H, ie.,

{llel e € En} = {{le| : e € E} .

The distribution ¢ is uniform over D.

Using a null model. Given a null model, one can then compare
a measurement q(f)) obtained from D to the distribution of q(D)
where D is sampled from D according to i. By performing a statis-
tical hypothesis tests, we can assess whether the set of properties
explains the measurements obtained from D. The test is performed
by computing a p-value for q(b), corresponding to the probability
of seeing q(D) > q(D) for D drawn from D according to . A small
p-value gives evidence that q(D) is unlikely to be due to #. Closed
formulas for p-values are rarely available [33], so one has to rely

4D depends on 13, but we do not denote this fact in the notation to keep it light.
5In the rest of this paper, we refer to this model as the “VLH configuration model” for
short.
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on an empirical p-value obtained by repeatedly sampling from D
according to ¢ and using the distribution of values for q induced by
the samples. The key algorithmic challenge is therefore to devise
efficient procedures to draw samples from D according to .

3.3 Markov-Chain-Monte-Carlo

The Markov-Chain-Monte-Carlo (MCMC) method is a generic ap-
proach to draw samples from a space Z according to some distri-
bution { [38, Sect. 10.4]. The idea is to run a Markov chain (MC)
on Z whose unique stationary distribution is {. By starting at any
arbitrary element of Z and running the MC for a number of steps
sufficient to (approximately) achieve stationarity, the reached state
is a sample from Z (approximately) according to {. The modeling
challenge requires creating such an MC, and the algorithmic one
involves designing a MC that reaches stationarity as quickly as
possible, where “speed” should be interpreted in two ways:

e from a theoretical point of view, one is interested in the
mixing time, i.e., the number of steps needed for the chain to
(approximately) reach stationarity;

e from a practical point of view, one measures the wall-clock
time, i.e., the number of seconds needed to (approximately)
reach stationarity.

A narrow focus on minimizing the first measure may lead in design-
ing a chain that requires fewer steps in theory, but where each step
is particularly expensive. For intuition, in a race between a mam-
moth with a long, slow stride, and a rabbit taking short, quick steps,
the mammoth may not be the winner. Our goal in this work is de-
signing MCMC methods for sampling from the VLH configuration
model that are fast w.r.t. both types of speed.

Peskun’s order. Explicit upper bounds to the mixing time of MCs
are hard to derive, despite many available techniques [34]. For our
purposes, we only need to be able to compare the mixing times of
two MCs M; and M, over Z with the same stationary distribution
{. Peskun [42]’s order allows us to perform this comparison.

Definition 3.1 (37, Def. 2.3). Let M; and M; as above, and let
& and & be their respective transition probability distributions.
M; dominates M, in Peskun’s order, denoted as M; =p M, iff, for
every ordered pair (H,K) € Z X Z such that H # K, it holds
&(H,K) = &(H,K).

We often abuse the notation, and use & >p & to mean M; =p M,.

Peskun’s order is a partial order on the MCs: there may be M,
and M, as above for which neither M; =p M nor M, =p M. In this
case we say that M; and M, are Peskun-incomparable or, abusing
notation, that their transition distributions &; and &, are Peskun-
incomparable. Peskun’s order and mixing time are connected.

LEMMA 3.2 (37, THM. 2 (RESTATED)). If My =p My, then the mixing
time of M, is no larger than the mixing time of M,.

The Peskun-incomparability of two MCs does not imply that
they have the same mixing time, just that the relation between their
mixing times cannot be determined through Peskun’s order.

Proposal-acceptance approaches. All the MCMC methods we dis-
cuss run MCs where the next state Z;,, is chosen by first drawing
a “neighbor” Z’ of the current state Z; according to a proposal
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distribution ¢(Z;, Z"), and accepting Z’ as Z;11 by flipping a coin
with heads bias p(Z;, Z’): if the outcome is heads, then Z;4; =27,
otherwise Z;1 = Z;, i.e., the MC does not move. The proposal and
acceptance distributions must be such that it is possible for the MC
to move, in a sequence of steps, from any element of Z to any other
element of Z, i.e., that the MC is irreducible. The key questions are
how to design ¢ and p so that the MC is irreducible and has the
desired stationary distribution { (modeling question) and so that
drawing Z’ and flipping the coin can be done as quickly as possible
(algorithmic question). The Metropolis-Hastings (MH) approach [38,
Ex. 10.12] is a general recipe for p once ¢ has been fixed in such
a way that the MC is irreducible, assuming a non-zero acceptance
probability. Setting

Lz $(Z.2)
guarantees that the resulting MC has stationary distribution {.
When { is the uniform distribution of Z, the leftmost ratio on the
rh.s. of Eq. (1) cancels out, and the resulting transition function
8Z:,2") = ¢§(Z4, Z")p(Z4, Z') is symmetric in its arguments.
Peskun [42, Thm. 2.2.1] shows that the MC with stationary dis-
tribution ¢ and proposal distribution ¢ taking the MH approach
is optimal in Peskun’s order, and therefore, through Thm. 3.2 in
terms of mixing time, among all MCs with the same stationary and
proposal distributions following any proposal-acceptance approach
(i.e., using different acceptance probabilities than the MC following
MH). For this reason, all VALUH algorithms take the MH approach.

p(Z,,7') = min{l {(Z) gb(Z’,z,)}

(1)

4 Algorithms for the VLH Configuration Model

We now discuss procedures for sampling from the VLH configura-
tion model.

4.1 Chodrow [15]’s algorithm

To warm up, we start by describing the existing SLH-based algo-
rithm by Chodrow [15, Sect. 4], which we call sc, as some aspects
are shared with the other algorithms we discuss. We introduce
some technical concepts before delving into the procedure.

Let S = (V,Es) be any SLH. For any stub-labeled edge e € Eg,
let e, be the vertex-labeled edge obtained by replacing the stubs
in e with their original vertices in V. Define s2v(S) = (V,E) as
the unique VLH where E = {{ey : e € Es}}. Clearly, given a VLH
H = (V,E), there are multiple SLHs S such that s2v(S) = H. We
denote the set of all such SLHs as s2v~!(H).

Given an observed VLH H = (v, }:o"), consider the set D in the
VLH configuration model for H , and define the set of SLHs

Dy = U s2v ™I (H) .

HeD

sc runs an MC on Ds, which starts at any arbitrary Sy € s2v™! (H)
When the MC is on state S; = (V,E;) at time t > 0, the next
state S;41 = (V, E;41) is chosen as follows. First, the algorithm
draws an unordered pair of distinct stub-labeled edges (a, b) from
E; uniformly at random among such pairs. Then, a stub-labeled
Curveball trade (see Sect. 3.1) is performed on (g, b) to obtain the
stub-labeled edges (c,d). Let S’ = (V, (E; \ {a,b}) U{c,d}). It holds
lc| = |a| and |d| = |b|, s0 S’ € Ds. S’ is the candidate proposed for
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the next state. The probability that the neighbor S” of S; is proposed
as the next state when the MC is in S; is®

L\ ™" lagb 12y 8 byl
S ’S’ = 2 layNby|
$5(S1,5") ( 5 2o \ by
Let H = (V,E’) =s2v(S’) and H; = s2v(S;). If H' = Hy, the next
state of the chain is S;1 = S’. Otherwise, sc defines the acceptance
probability [15, Eq. 4]

)_m+nuﬂ=wm.<m

2_‘avmbv|

psc(Se,S") = (3

mg, (ay)mg, (by)’
and flips a coin with this heads bias. If the outcome of the coin flip
is heads, then the next state of the MC is S;;; = S’. Otherwise, the
next state is S;11 = St, i.e., the MC does not move. The resulting
MC over Dy has stationary distribution (proof in Appendix A)

:(8) = ©

|s2v=1(s2v(S)) || D]’
which in general non-uniform over Ds.

The sequence (s2v(S;));so is the MC on D that considers, for
each state S; of MC on D, the corresponding VLH s2v(S;). Let
H = (V,Ey) and K = (V, Ex) be two distinct VLHs in D for which
there is a Curveball trade from H to K involving vertex-labeled
edges a and b in Ey. Then the transition probability from H to K is
[15, Proof of Thm. 2]7

-1 -1

N IR e ICES TR TG
2 la\ bl

Chodrow [15, Thm. 2] shows that this probability is symmetric in

its arguments, so the MC has uniform stationary distribution, as

can also easily be inferred from Eq. (4). We use this probability later

when comparing VALUH’s algorithms and sc in terms of Peskun’s

order and mixing time.

4.2 VALUH-smH: a faster SLH-based algorithm

The acceptance probability from Eq. (3) is suboptimal: our algorithm
VALUH-sMH uses the MH approach (see Sect. 3.3) to obtain higher
acceptance probabilities, which in turn leads to our MC reaching
convergence more quickly. This algorithm is a “gentle introduction”
to VALUH’s approach, to show how, with relatively little effort, one
can do better than sc. In later sections, we describe even better
algorithms for sampling from the VLH configuration model.

VALUH-smH proceeds as sc, using the same proposal distribution
from Eq. (2), but with acceptance probability

ist’l(SZV(S))i #s(S’,S)
’ \st’l(SZV(S’))’ #5(S,S’)

This distribution is obtained using the MH approach (Eq. (1)) with
proposal distribution as in Eq. (2) and stationary distribution as in
Eq. (4). Thus, the stationary distribution of the MC (s2v(S;)),s( on
D is still uniform.

The only aspect left to discuss is how to efficiently compute this
acceptance probability. To do so, we first need to study |52v_1 (s2v(S)) |

Psnu (S, S) = min {1 (6)

©This formula differs slightly from the one given by Chodrow [15, Eq. 3]. As we discuss
in Appendix C, there is a small mistake in the original formula.
7Corrected to use the proposal probability from Eq. (2).
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LEMMA 4.1. Let H = (V,E) be a VLH. It holds

[Toev degp (0)!

-1 _
\st (H)l = —Hees(E) T

)

The proof is in Appendix A. When the hypergraph is a dyadic
graph, Eq. (7) matches the result obtained by Fosdick et al. [20, Eq.
3]. With this result, the second term on the r.h.s. of Eq. (6) can be
greatly simplified as (derivation in Appendix A)

(mg(c) +1)(mg(d) + 1)} .

mg(a)mg(b)

P (S, S) = min {1, (8)
Thus, psuu(S,S’) can be computed easily by keeping track of the
multiplicities of the edges, e.g., in a hash table that is updated (in
at most four entries) when the transition to S’ is accepted.

LEMMA 4.2. Lett be any time step, and let W, = H = (V, Ey) be
the current state of the MC (W;) ;5o on D run by VALUH-sMH. Let
K = (V,Ek) #+ H be a VLH in D for which there is a Curveball trade
from H to K transforming edges a and b from Eg into edges c and d
in Ex. The probability that W;.1 = K, i.e., the transition probability
fromH toK, is

|En|\ " (la s bl) ™! B
2) (w\m) (1+1(|al = [b]))

- min {mEH (a)mEH(b)’ (mEH (C) + 1)(mEH (d) + 1)} . (9)

The proof is in Appendix A. Equations (5) and (9) yield the
following.

Esun(H, K) = (

FacTt 4.3. ForanyH andK as above, it holds &g, (H, K) > &sc(H, K).
Le., &suu =p &sc. Theorem 3.2 gives the following result.

LEMMA 4.4. The MC on D run by VALUH-sMH reaches the station-
ary distribution in fewer or as many steps as the one by sc.

The relation in Fact 4.3 often holds with > or even >>. For H and
K as above, if [a N b| > 1 or if min {mEH(a)mEH(b),
(Mg (c) + 1) (mg, (d) + 1)} > 2, then &,y (H,K) > &:(H,K).
These conditions are extremely mild, and satisfied (especially the
first) by at least some H and K in O from real-world VLHs. The
difference between the two transition probabilities increases as the
size of the edge intersection or the multiplicities grow. Although
we cannot prove that when the relation holds strictly for all such
H and K then the mixing time for VALUH-sMH is strictly smaller
than the one for sc, our experimental results (Sect. 5) show that
VALUH-smH’s MC on D needs many fewer steps and less wall-clock
time than the one by sc to converge to the stationary distribution.

4.3 VaALUH-E: mapping ELHs to bipartite graphs

Many previous works [14, 19, 39-41, 43, 46, 49] mention or lever-
age the mapping between bipartite graphs and hypergraphs. This
mapping is really 1:1 only between ELHs and bipartite graphs, in
the sense that given a ELH H = (V, E), there is one and only one
bipartite graph By = (V, E, Z) where Z C V X E is the set of edges
of By with (v, ;) € Z iff v; € e;. The vertices of H are the “left”
vertices of By and the edges of H are the “right” vertices of B. Each
vertex of By is given unique labels/ids, as it is normal for dyadic
graphs. This 1:1 mapping does not hold, in general for SLHs and
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VLHs. We use this mapping to develop VALUH-E, our second algo-
rithm to sample from the VLH configuration model. Before delving
into the algorithm, we need to introduce some technical concepts.

Let H = (V, Eg) be a VLH. Assume now to sort Epy in decreasing
order by edge size,? ties broken lexicographically by the ids of the
vertices in V, to obtain an ELH K = (V, Ex). Consider now the ELH
J = (V,Ej) obtained by arbitrarily permuting the ordering of some
of the edges of the same size in Ex (Ej is still sorted in decreasing
order by edge size). As long as the permutation did not only involve
identical edges, the ELHs K and J are different ELHs, but if we
transform their edge sequences into multisets, we obtain H in both
cases. Thus, given any ELH Z = (V, Ez) whose edge sequence Ez
is sorted in decreasing order by edge size, we define e2v(Z) as the
VLH obtained by transforming the sequence E; into a multiset, i.e.,
by removing its ordering. We define e2v~!(H), for any VLH H, as
the set of different ELHs Z with edge sequence sorted in decreasing
order according to edge size such that H = e2v(Z).

Given an observed VLH H = (v, E}-})’ and its corresponding D,
we can define the set of ELHs

D, = U ev '(H) .

HeD

Through the 1:1 mapping between ELHs and bipartite graphs, we
can see Dy as all and only the bipartite graphs with vertex sets V
and E and with fixed degree sequence (as the size of a hyperedge
becomes the degree of the vertex corresponding to the hyperedge
in the bipartite graph). In turn, by representing each bipartite graph
as its unique bi-adjacency matrix, we can see Dy as all and only
binary matrices with |E| rows and |V| columns with fixed row and
column sums. Many works [8, 24, 25, 30, 48, 51] discuss how to draw
a sample from this space of binary matrices. For example, an MC
on Dy where the next state of the chain is chosen by performing
a Curveball trade [48] among two distinct rows of the matrix (i.e.,
between two distinct edge-labeled hyperedges) chosen uniformly
among such pairs of rows, has uniform stationary distribution over
Dx [13]. Our goal though is to sample uniformly from the set D of
VLHs. To achieve this goal, VALUH-E runs an MC (H;);5, on Dx
with stationary distribution

1
le2v=1(e2v(H))||D|

Gp(H) = (10)

starting from any arbitrary ELH H, € e2v*1(I-°I). By summing
L (H) over H € e2v™!(K) for any VLH K, it is easy to see that the
stationary probability for K of the MC (e2v™1(H;));s, is 1/|D], i.e.,
uniform over D, as desired. A neighbor H" = (V, E’) is proposed
from the current state H;, = (V,E;) as follows. First, VALUH-E
draws two distinct edges a and b uniformly from the collection of
such unordered pair of edges. Then it performs a Curveball trade
between a and b to obtain the edges ¢ and d, and builds E’ by
replacing a in the sequence E; with ¢, and b with d. The proposal
probability of H” when the MC is in H; is

o (1EA T laa b7
i = (51 () o

8This ordering is chosen w.L.o.g.
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VALUH-E uses the MH approach with proposal as in Eq. (11) and
stationary distribution as in Eq. (10). The acceptance probability is
le2v1(e2v(Hy))| ¢ (H', H,) }
’ \eZv’l(eZV(H'))| ¢o(Hi, H') |
As we show in Appendix A, this expression can be simplified to
(O D@ )
mg, (a)mg, (b)

which, as discussed for Eq. (8), is easy to compute as the MC moves.

pe(Hy, H') = min {1

pu(Hy, H') = min {1,

LEMMA 4.5. Let t be any time step, and let W, = H = (V,Eg)
be the current state of the MC (W;);5, on D run by VALUH-E. Let
K = (V,Ek) # H be a VLH in D for which there is a Curveball trade
from H to K transforming the edges a and b from Eyy into edges ¢ and
d in Ek. The probability that W;.1 = K, i.e., the transition probability
fromH toK, is

 (1Eul\ Mlaabl\7! _
FCE R (o I ) INCER TR

- min {mg, (Q)mg, (b). (Mg, (¢) + D(mpg, () + D} . (13)
FacT4.6. ForanyH andK as above, it holds &g, (H, K) = £.(H, K).

Thus, the MC on stub-labeled hypergraphs and the one on edge-
labeled hypergraphs induce the same transition distribution on
vertex-labeled hypergraphs, and VALUH-sMH mixes in as many
steps as VALUH-E. Why are we then introducing this algorithm?
As discussed in Sect. 3.3, the wall-clock time needed to reach the
stationary distribution is as, or for practical purposes, more impor-
tant than the mixing time, which only deals with the number of
steps. The results of our experimental evaluation (Sect. 5) show that
VALUH-E converges in less time than VALUH-smH, and thus should
be preferred in practice.

The following is a corollary of Fact 4.6 and Lemma 4.4.

LEMMA 4.7. The MC on D run by VALUH-E reaches the stationary
distribution in fewer or as many steps as the one by sc.

Our experimental results (Sect. 5) confirm that VALUH-E mixes
faster than sc both in terms of steps and of wall-clock time.

4.4 VaLUH-bp: a direct algorithm for VLHs

The MCs over D run by the algorithms discussed in the previous
sections have the following weaknesses:

e the neighbor proposal probability is highly skewed, because
the first step in choosing the neighbor to propose is sam-
pling unordered pairs of edges from the multiset/sequence
of edges: there is a much higher probability of sampling two
edges with high multiplicities and the resulting Curveball
trades and proposed neighbors from such edges;

e The acceptance probability is relatively low, forcing the MC
to stay at in the same state at consecutive step because the
proposed neighbor was not accepted.

VALUH-D addresses both issues by:

e proposing any neighbor different than the current state with
the same probability; and

o use a high acceptance probability, so the MC is rarely staying
in the same state.
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VALUH-D runs an MC directly on D, without going through SLHs
or ELHs. The initial state Hy of the MC is the observed VLH H. At
step t, when the MC is in state H; = (V,E;) € D, the algorithm
samples an unordered pair (a,b) of different edges from the set
s(E;). A Curveball trade (see Sect. 3.1) is then performed on a and b
to obtain two edges ¢ and d. The proposed neighbor is H' = (V, E’),
where E’ = (E;\{a, b}) U{c,d}. The probability that H’ is proposed
when the MC is in H; is

|s(Et)|)‘1(|a abl
2 la\ b
The irreducibility of the MC with this proposal probability follows
from the properties of the Curveball trade [13]. VALUH-D then
uses the MH approach (Eq. (1)) with the above proposal probability
and the uniform stationary distribution, obtaining the acceptance
probability

¢o(Hp, H') = ( ) (1+1(lal =1b]) -

(14)

po(Hi, H') = min{1 w}

“Is(ENI(Is(E)] - 1)
for H' when it is proposed from H;. It then flips a coin with this
head bias. If the outcome of the coin flip is heads, the chain moves
to H;+1 = H’', otherwise it stays in H;. The use of MH ensures that
the resulting stationary distribution of the MC is uniform over D.

By sampling pairs of edges from the set s(E;), rather than the
multiset E, we ensure that all neighbors different than the current
state have the same probability of being proposed. The acceptance
probability from Eq. (14) is very close to 1, because ||s(E;)| — |s(E")]|
< 2, and optimal thanks to the use of MH. Thus, VALUH-D addresses
the weaknesses of previous algorithms.

The transition probability of moving from a VLH H = (V, Eg) to
a VLH K = (V, Eg) for which there is a Curveball trade involving
two edges a and b from s(Eg) is

_fD(Hs K) i¢>D(Hs K)pD(H’K)
_(1s®)) " (laa bl _
") (Eva) e raa=mn
n {1 Is(Ex)[(Is(En)| — 1)}
CIs(E)I(s(E) -1 )
Comparing Egs. (5) and (15), we obtain the following result.

(15)

Fact4.8. ForanyH andK as above, it holds £,(H,K) > &c(H, K).
Thus, &, =p &, and Thm. 3.2 yields the following result.

LEmMA 4.9. The MC on D run by VALUH-D reaches the stationary
distribution in fewer or as many steps as the one by sc.

The relation in Fact 4.8 often holds strictly. As we mentioned
earlier, this fact does not lead to claim a strict improvement of
the mixing time, but our experiments show that VALUH-D reaches
convergence much faster than sc, both in number of steps and time.

The MC on D run by VALUH-D is Peskun-incomparable to
the ones run by VALUH-smH and by VALUH-E, as shown in Ap-
pendix A.1. However, our experimental results demonstrate that
VALUH-D is always at least as fast as other algorithms, and often
much faster, both in terms of number of steps and wall-clock time.

In terms of space and time complexity, VALUH and sc only re-
quire storing the hypergraph that is the current state of the MC (re-
quring space O(3.crlel)), and the edge-multiplicity data structure
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(O(|E])). A Curvball trade takes time O(|V]) [25], and computing
the acceptance probabilities and updating the data structures takes
amortized time O(1), for all algorithms.

5 Experimental evaluation

We report here the results of our experimental evaluation of VALUH
on real networks. The goal is to assess the behavior of our algo-
rithms in terms of the number of steps and the wall-clock needed for
the MCs on D to reach the stationary distribution, and to compare
their behavior to that of sc.

Implementation and environment. We implemented all VALUH
algorithms and sc in Java 21, optimizing each of them as much
as possible.” The code makes no use of parallelism to perform the
Curveball trades [3] and the pairwise reshuffles. The experiments
were run on identical machines with an Intel Xeon E5-2680 CPU
and 256GB of RAM, running GNU/Linux 6.1.0-37.

Datasets. We use real world hypergraphs with a wide range
of sizes, and from a variety of applications, from substances that
make up commercial drugs to committees and bills in the house of
representatives. We give their salient properties in Appendix B.1.
More details about them are in [32, Suppl. Mat. Sect. 2].

5.1 Empirical convergence

Detecting convergence. Before describing the results, we discuss
how we empirically detect that the distribution of the state of an
MC has converged to the stationary distribution.

We start by defining a distance measure between VLHs. Given
a VLH H = (V,E), let its clique-expansion ce(H) = (V,E’) be the
dyadic undirected multi-graph obtained by adding to E’, for each
hyperedge e € E, an edge (u,v) for every unordered pair of distinct
vertices in exe. The adjacency matrix A(G) for a dyadic multi-graph
G = (V,E) is the square V x V matrix whose (i, j) entry represents
the number of edges between i and j in G (i.e., the number of times
(i, j) appears in the multiset E). The clique expansion is often used
to define similarity measures between hypergraphs [50]. Given two
VLHs H and K in D, we define the distance d(H, K) between H
and K as the Li-norm of the difference between the multi-graph
adjacency matrices of their clique expansions, i.e.,

d(H,K) = ||A(ce(H)) = A(ce(K))l; - (16)

We use this distance measure because common measures used to
asses the empirical convergence of MCs such as the perturbation
score [48] (used for binary matrices and bipartite graphs), do not
generalize well to VLHs, because they are designed to work with
matrices. Since the edge set of VLHs is not ordered, there are many
vertex-edge matrices representing a VLH, differing by the order-
ing of the columns, and different orders would lead to drastically
different perturbation scores. The perturbation score also does not
generalize well to integer-valued matrices, as it does not account
for the amount by which two corresponding entries in the matrices
differ. The distance measure in Eq. (16) addresses both issues.

For the MCs (H;);s on D run by the algorithms, the value of
d(I-aI, H;) should stabilize once the MC reaches convergence. To
detect when that happens, we measure the distance d(I-OI, H;) from

Code and datasets are available at https://doi.org/10.7910/DVN/QYOOXF.
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Figure 1: Evolution of d(H, H,) as function of percentage of max. steps and time. Absolute steps (st) and time (s) in parentheses.

H and the current MC state H, every k steps for a total of s steps
and consider 50 intervals of z; measurements each. We then com-
pute the slope of the least-squares-fit line for these g; distance
measurements, and say that the MC has reached convergence as
soon as this slope is at most a threshold m. This approach takes into
consideration the fact that the distance is not necessarily mono-
tonic in ¢, especially close to convergence. The specific values of
these parameters for each dataset are available in Appendix B.1. By
measuring the number of steps and the cumulative wall-clock time
throughout the run of the chain until convergence, we can then
compare the behavior of the algorithms.

Results. Figure 1 shows, for EMAIL-EU and HousEe-BILLs, the evo-
lution of d(IjI, Hy) as a function of the percentage of the maximum
number of steps (Figs. 1a and 1c) and time (Figs. 1b and 1d), i.e.,
the steps and time taken by the slowest algorithm. We report the
median over five runs, as there was little variance between the
runs. Results for other datasets are in Appendix B and they are
qualitatively similar. sc is the slowest to converge in both steps
and time, on all datasets, confirming our theoretical results about
it being Peskun-dominated by all VALUH’s algorithms. Table 1
shows the time speedup of VALUH’s algorithms w.r.t. sc. VALUH-D
is usually the fastest in both steps and time, sometimes tied with
the other VALUH algorithms (e.g., in Fig. 1c their three curves
are indistinguishable, and in Fig. 1d, the curves of VALUH-D and
VALUH-E are indistinguishable) suggesting that, despite the Peskun-
incomparability of the MCs in general, on real datasets it may hold
fn =p EE = §SMH~

VALUH-E and VALUH-sMH converge in the same number of steps
(their curves are indistinguishable in Figs. 1a and 1c), as predicted
by Fact 4.6. VALUH-sMH is always slower in time (Figs. 1b and 1d).
The reason is inherently algorithmic: pairwise reshuffles (done by
VALUH-smH and sc) must randomize the stubs in the intersection of
the edges (last point in the description in Sect. 3.1), while Curveball

Table 1: Time speedup of VALUH algorithms vs. sc.

Dataset VALUH-p VALUH-g VALUH-smuH
SUBSTANCES 3.01x 2.65x 1.89x
Eman-EU 3.43x 2.41x 1.52x
House-BiLLs 6.32x 6.40x 4.01x
Foopwes 1.97x 1.72x 1.08x
GEOMETRY-QUESTIONS 2.91x 3.01x 1.81x
House-COMMITTEES 3.94x 4.00x 1.93x

trades (performed by VALUH-E and VALUH-D) do not, saving time.
This reason also explains why the decrease in time of VALUH-D
and VALUH-E vs. the SMH-based algorithms is often higher than
the decrease in number of steps.

6 Conclusions and Future Work

We present VALUH, a suite of MCMC algorithms for uniformly sam-
pling vertex-labeled, non-degenerate, undirected hypergraphs from
the set of such hypergraphs with the same degree sequence and
edge size distribution as an observed network, i.e., from the micro-
canonical configuration model. We show that our algorithms dom-
inate, in Peskun’s order, existing ones [15], thus VALUH requires
at most as many steps to converge to the stationary distribution.
The results of our experimental evaluation confirm this speedup,
and also show that VALUH algorithms are faster in wall-clock time
than the state of the art. Our careful definition of SLHs, ELHs, and
VLHs, and our example use of each for different algorithms should
be relevant to other studies of algorithms for hypergraphs. Inter-
esting directions for future work include the derivation of explicit
bounds to the mixing time of the Markov chains we consider, and
extensions of our direct approach to annotated hypergraphs [14]
and to more complex null models for undirected hypergraphs.
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A Additional Theoretical Results

Proor oF EQ. (4). The MC over D; run by sc has transition prob-
ability distribution ¢s(S,S")psc(S, S”). We show that the detailed
balance equations hold for this transition probability distribution
and the distribution in Eq. (4), i.e., that

Ls(S)gs (S, S,)Psc(s, s = QVS(S/)‘){’S(S,, S)pSC(S,> S), (17)

which implies that that distribution in Eq. (4) is the stationary
distribution of the MC [38, Thm. 7.10].

Assume that ¢5(S,S”) # 0, otherwise Eq. (17) trivially holds,
because both sides are 0, as ¢ is symmetric in its arguments. Then
both sides are different than zero. Consider now the ratio between
the sides. Many symmetric terms cancel out, giving

5(S)psc(8,8')  [s2v! (s2v(8"))|mpr (a) mpr (bo)
45(8)psc(8,S)  [sav1(s2v(S))|mE(ap)mE (by)

This value of this expression, from Eq. (7), is 1, thus Eq. (17) holds,
and the thesis follows. O

ProoF oF LEMmA 4.1. Wlo.g, let V = {0vy,...,0,}, and let v; ;
denote the j® stub of vertex v;, 1 < j < deg;(v;).

Let S = (V,Es) € s2v™!(H) be any stub-labeled hypergraph in
s2v 1(H). Let now G = (o1, ...,0,) be a vector of permutations
where o; is a permutation of the stubs of vertex v; € V. Consider
the stub-labeled hypergraph S’ = (V, Es/) obtained by permuting
the stubs in the edges of S according to &. Clearly S’ € s2v™!(H),
as the permutations do not change the topology of the hypergraph.
So for every such vector of permutations ¢ we obtain some (not
necessarily unique) S” € s2v=!(H). Let T be the set of such vectors
of permutations. It holds |T'| = [],cy degy (v)!.

When H has parallel edges, some of the vectors of permutations
result in S when applied to S. For example, if e appears multiple
times in E, and ¢ permutes all and only the stubs between an edge
of S containing exactly stubs for the vertices in e and another edge
of S also containing exactly stubs for the vertices in e, then the
stub-labeled hypergraph S’ obtained by applying the vector of
permutations to S is such that S = S. Multiple copies of e, and
multiple edges in E, may be involved in a vector of permutations
that result in S when applied to S. If we think of Es as a sequence,
rather than a set, these vectors of permutations can be seen as
switching the order of some parallel edges in the sequence, without
really changing any edge. Let A C T denote the set of such vectors
of permutations. It holds |A| = [],cz mg(e)!, because and for each
distinct edge e € E, i.e., for each e € E, there are mg(e)! orderings
of the edges parallel to e (including e).

We can partition I' into equivalence classes labeled by the ele-
ments of s2v™! (H), with the class Cg, Q € s2v™!(H) containing
all and only the vectors of permutations that, when applied to S,
result in Q. The number of elements in s2v™!(H) is then equal to
the number of classes in this partitioning of T

Given any vector of permutations ¢ in Cp, one can then obtain all
other vectors in Cg by composing & with any vector of permutations
in A, and each such composition results in a different element of
Cg. Thus, all the equivalence classes Cp, Q € s2v_1(H), have the
same size |CQ| = |A|. Thus the number of equivalence classes is
[T|/]A|, resulting in the expression in Eq. (7). O
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Proor oF EQ. (8). The proposal distribution function ¢s is sym-
metric in its arguments, as can be seen from Eq. (2), thus the right-
most ratio in Eq. (7) is always 1. Both H = (V,E) = s2v(S) and
H’ = (V,E’) =s2v(S’) have the same degree sequence, as they both
belong to D, so the numerators for [s2v=!(H)| and for [s2v=!(H’)|
on the rh.s. of Eq. (7) are the same. Assume that H # H’, otherwise
psuu (S, S”) is trivially 1. We can then rewrite the second term on
the rh.s. of Eq. (6) as

[s2v (H)] ¢5(5",8)  Tlees(er) me (e)!
|s2v=1(H")| ¢5(S.8")  Tlees(ry me(e)!”
where s(E”) and s(E) are the sets of elements in E” and E respectively.
From H # H’, and from the properties of the pairwise reshuffle, it
holds E \ E’ ={a,b} and E’ \ E = {c,d}, where these four vertex-
labeled edges are all different. We then have s(E’) \ {a,b,c,d} =
s(E) \ {a, b,c,d}, and
mg (@) =mg(a) =1, mp(b) =mg(b) -1,
mg(c) =mg(c)+1, mp(d) =mg(d) +1, and
mg (e) = mg(e) for any e € (s(E") Us(E)) \ {a,b,c,d} .

(18)

Equation (18) can then be rewritten as
(mg(a) — D!(mg(b) — 1)1 (me(c) + D!(mg(d) +1)!
mg(a)!mg(b)!mg(c)!mg(d)!
_ (me(e) + 1)(me(d) +1)
mg(a)mg(b) ’

which is the expression in Eq. (8). O

Proving Lemma 4.2. Before proving Lemma 4.2 we need the fol-
lowing technical fact, shown in [15, Proof of Thm. 2].

Fact A.1. Let H = (V,Eg) and K = (V,Eg) be two different
VLHs for which there is a Curveball trade from H to K involving
edgesa andb in Ey. Let Sy = (V,Es,;) be any SLH in s2v™1(H). Let
n(Sg, K) be the set of SLHs from s2v™1(K) that can be reached by
performing a pairwise reshuffle from Sg. It holds

In(Sk, K)| = mg,, (@)mg, ()21 . (19)

PrOOF OF LEMMA 4.2. When W; = H, the underlying chain (S;) 5
may be in any of the SLHs from s2v™!(H). Using the law of total
probability, we can then write

§SMH(H5 K) =

Z Pr(S; = Sx) Z

Sy esv(H) Sk en(SH.K)

&s(SH, Sk) pswu (SH, Sk)

For a fixed Sy, the value of ¢s(Sy, Sk) psuu (SH, Sk) is the same for
any Sk € n(Sg, K). Let Ys,, x be any of these. We can rewrite the
r.h.s. above as

Z (Pr(Se = Su) s (Sa, Ysp.5) Pswss (Sa, Ys,.5) In(Sw, K)|)
Sgesv1(H)

Additionally, ¢s(SH, Ys;, k), Pswu(SH, Ysp.x) and [n(Sy, K)| are the
same for every Sy € s2v™!(H). Let X be any of these. We can
rewrite the last expression as

¢S(XHx YXH,K)pSMH(XH: YXH,K)ln(XH,K)l Z
Spesv1(H)

Pr(sl’ = SH)’
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and the sum on the right simplifies to 1.
By plugging in the expressions from Egs. (2), (6) and (19), we
obtain the r.h.s. of Eq. (9). O

Derivation of Eq. (12). Since the proposal probability in Eq. (11)
is symmetric in its arguments, the rightmost ratio cancels out. We
need only to study |e2v_l (K)| for a VLH K, in order to efficiently
compute the acceptance probability. The aforementioned mapping
of Dy, to the space of binary matrices with fixed rows and column
sums allows us to leverage a result originally developed in that
setting.

LEmMA A.2 (1, LEMMA 3 (RESTATED)). Let K = (V,E) be a VLH.
Let T; = {e € E : |e|] =i} be the multiset of edges of size i, for 1 <
i < maxccgle|. Then, the number |e2v‘1(K)\ of ELHs mapped to K
bye2v is
HmaxeeEM |Tz|'

i=1 :

le2v1(K)| = —HeES(E) Tl

(20)

Assume now that e2v(H;) # e2v(H’), otherwise the acceptance
probability is trivially 1. Using the expression in Eq. (20) and fol-
lowing the same argument as for the stub-labeled case (from Eq. (6)
to Eq. (8)), we obtain Eq. (12).

Proving Lemma 4.5. Before proving Lemma 4.5 we need the tech-
nical fact corresponding to Fact A.1 but for the edge-labeled case.

Fact A3. Let H = (V,Ey) and K = (V,Ek) be two different
VLHs for which there is a Curveball trade from H to K involving
edges a and b in Egy. Let Wy = (V, Ew,) be any ELH in e2v™!(H).
Let n(Wy, K) be the set of ELHs from e2v='(K) that can be reached
by performing a curveball trade from Eg. It holds

In(Wa, K)| = mg,, (@)mw () (1+ 1 (Ja| = [b])) . (21)

PRrROOF. Let c and d the edges in Ek that differ from Ep.

When |a| # |b], let, wlo.g., |a] = |c| and |b| = |d|. For every
choice of pairs of edges in Eyy, identical to a and b there is a
single Curveball trade transforming them to edges identical to ¢
and d respectively, which is the only way to lead to an element of
e2v 1(K).

When |a| = ||, for each every choice of pairs of edges in Ey,,
identical to a and b, there are two Curveball trades leading to two
distinct ELHs in e2v™! (K): the one transforming a into ¢ and b into
d, and the one transforming a into d and b into c. O

PrOOF OF LEMMA 4.5. When W; = H, the underlying chain (E;),5,
may be in any of the ELHs from s2v™!(H). Using the law of total
probability, we can then write

gE(H; K) =
D (e =Em) ) ¢o(En Ex)pe(En, Ex)
Epeev=1(H) Exen(Eg,K)

For a fixed Ep, the value of ¢, (Ey, Ex) pr(En, Ex) is the same for
any Ex € n(Eq, K). Let Yg,, k be any of these. We can rewrite the
r.h.s. above as

>0 (Pr(E: = En)o(En, Yy, ) pe (Ent, Yepp ) In (Ep, K))
Epee2v-1(H)
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Additionally, ¢, (Eg, Y, k), pe(EH, YEy k) and [n(Eg, K)| are the
same for every Ey € e2v1(H). Let Xy be any of these. We can
rewrite the last expression as

o (Xet, Yoy ) e (Xt Yo )Xt KL Y
Epgeev-1(H)

Pr(Et = EH):

and the sum on the right simplifies to 1.
By plugging in the expressions from Egs. (11), (12) and (21), we
obtain the r.h.s. of Eq. (13). O

A.1 Peskun-incomparability of VALUH
algorithms

The MC on D of VALUH-D is Peskun-incomparable to both the one
run by VALUH-E and the one run by VALUH-smH, as we show with
two examples.

Consider the following VLHs on vertex set V = {a, b, c,d}:

Hy = (V,E; = {{a,b},{a b}, {c,d}, {c.d}, {a,c},{b,d}})
Hj = (V,E; = {{a, b}, {c.d}, {a,c}. {a,c}, {b,d}, {b,d}})
H, = H'
Hy = (V,Ej = {{a,d}, {b,c}, {a,c},{a c}, {b,d},{b,d}})
We first consider the Curveball trade between H; and Hj that
changes the edges {a,b} and {c,d} to {a,c} and {b,d}. Clearly,
|{a, b}| = |{c, d}|. By plugging the quantities
e |Ei| =6
o {a,b} A{c,d} =4
e {a,b}\{c.d}| =2
e mg, ({a,b}) = mp, ({c,d}) =2
e mg, ({a.c}) = my, ({b,d}) =1
into Eq. (9), we get & (Hy, Hy) = 4/45.
We use the values above, as well as

Is(En)| = [s(E7)| =4

in Eq. (15) to get &,(Hy, Hy) = 1/18. Thus, & (Hy, Hy) > &,(Hy, Hy).

Now we apply the same analysis to H; and Hj, for the Curveball
trade that changes {a, b} and {c,d} to {a,d} and {b, c}. The only
quantities that change from the previous case are

e mg,({a,b}) =mg,({c,d}) =1
e mg,({a,d}) =mg,({b,c}) =0
Using Eq. (9) and Eq. (15) gives us & (Hz, H,) = 1/45and &,(H;, Hy) =
1/18, so &x(Ha, Hy) < &(Hs, Hy).
Hence, &, and &; are Peskun-incomparable. Since & and &gy are
the same, &, and &g,y are also Peskun-incomparable.

B Additional Experimental Results
B.1 Datasets

We run our experiments on many diverse datasets. HOUSE-BILLS
and House-CoMMITTEES [16] are both datasets related to the U.S.
House of Representatives, where vertices are representatives and
hyperedges are either bills or committees. EMAIL-EU [7] records
employees as nodes and emails between them as hyperedges. Sus-
STANCES groups substances as vertices into the drugs they make
up as hyperedges. FOODWEB [35] records species in the Florida
Bay as vertices and groups them into hyperedges based on carbon
exchange. GEOMETRY-QUESTIONS [4] groups MathOverflow users
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as vertices into hyperedges based on tags of questions they had

answered.

Table 2: Datasets statistics. See Sect. 5 for details.

Dataset \4 |E| s k m
SUBSTANCES 5311 112,919 70m 700k 0.02
EmarL-EU 998 235,263 50m 500k 0.01
HousEg-BiLLs 1,494 60,987 10m 100k 0.8
FooDwWEB 125 141,233 1m 100k  0.05

GEOMETRY-QUESTIONS 580
House-COMMITTEES 1,290

1,193 50k 500 0.2
341 5k 50 8

B.1.1
shown in Fig. 1.
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Figure 2: Evolution of d(IjI, H;) as function of percentage of
max. steps and time. Absolute steps (st) and time (s) in paren-
theses.
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C Corrections of Chodrow’s results

Chodrow [15, Eq. 3] gives the following expression for the proposal
probability of a SLH S” from the current state S; of the MC on D
(see Sect. 4.1):
. [IEe ! —layNby| (|av A bv|)_1
$sc(SnS) = |7, | 2 lay \ byl

Compared to the expression in Eq. (2), it is missing the last factor
(1 + 1(|a|] = |b])). This factor is needed because, when the two
stub-labeled edges a and b involved in the pairwise reshuffle have
the same size, there are two possible ways to obtain the stub-labeled
edges c and d that replace a and b in the edge set of $’": in one, a = ¢
and b = d, and in the other ¢ = b and d = a. When the sizes of the
edges are different, there is only one way of obtaining ¢ and d, as
it will always hold |a| = |c| and |b| = |d|, given how the pairwise
reshuffled is performed.

[15, Lemma 2] also has some mistakes. Here is its statement
using our notation.

LemmA C.1 (LEmMA 2, 15). Let H and H' be two VLHs in D.
For S1,S; € s2v™'(H) and S}, S, € s2v™'(H’), it holds ¢5(51,S]) =
d’s(SZs Sé)

We give a counterexample to this statement. Let V = {a, b, ¢, d},
H=(V,{{a b}, {a c},{c.d}}) andH" = (V, {{a,d}, {a,c}. {c, b} }).
Consider the SLHs

o S1 = (V,{{a1,b1},{az, c1}, {c2,di}}) € s2v™'(H); and

o Sy = (V,{{az, b1}, {a1, c2}, {c1,di}}) € s2v™i(H); and

o S1=(V,{{ar,di}. {az, c1}, {c2, b1 }}) € s2v™ ' (H').
There is a pairwise reshuffle from S; to S] that switches the edge
membership of the stubs by and d;. Thus, ¢(S1, S]) # 0. However,
there is no pairwise reshuffling between S; and S as they differ in
all three edges, and a pairwise reshuffle modifies two or zero edges.
Therefore ¢5(S2,S;) = 0, contradicting Lemma C.1 for S; = S7.

The following revised statement corrects the above issue.

LemMma C.2. LetH = (V,E) and H = (V,E’) be two VLHs in D.
For 81,5, € s2v™'(H) and S, 5} € s2v™' (H’). If both ¢5(S1,S}) and
$5(S2, S;) are non-zero, then they are equal.

Proor. If both probabilities are not zero, their value, from Eq. (2),
only depends on the sizes of the edges involved in the pairwise
reshuffles from/to S to/from §’, the size of their intersection, and
whether or not they have the same size. These four quantities must
be the same for both the pairwise reshuffle from S; to S| and for
the one from S, to S;. O

The proof of [15, Thm. 2] uses the wrong original version of
this lemma, but it is easily fixed with our version. The statement
remains correct.
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